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TOM TAT

Bai bdo dé xudt phwong phdp phan tir hivu han sir dung phan tir tir gice bon nit véi bay bdc
tw do méi mit dé phan tich dao dong tu do cua tam sandwich cé 16i ché tao b&ng kim loai, hai lop
trén va duwdi cia tam 1o vat liéu hon hop go”'m va kim loai co co tinh thay déi theo chiéu day tam.
Truong ung sudt-bién dang cua tdm dwoc mo ta chinh xdc, ddc biét la doi véi cdc tam cé chiéu
day 16m bang cdch sir dung 1y thuyét bién dang cdt bdc ba ciia Shi ¢6 dao ham lién tuc cap C'. P
héi tu va dé chinh xdc ciia phwong phdp dé xudt trong nghién ciru nay dwoc xdc dinh bang cdch
s0 sdanh cdc két qua thu dwoc voi cdc két qua trong cdc tai liéu uy tin da dwoc cong bo. Piém méi
ctia nghién ciru nay la lan dau tién sir dung phwong phdp phan tir hitu han diea trén su két hop ham
dang Lagrang va ham dang Hermit dé phan tich dao dong riéng ciia tam Sandwich.

Tir khéa: Tam Sandwich, Vit liéu c6 co tinh thay doi, Phan tir 4 niit, bién dang cdt bdc ba Shi
ABSTRACT

The paper proposes a finite element method using a four-node quadrilateral element with seven
degrees of freedom per node to analyze the free vibration of a sandwich plate with a metallic core. The
top and bottom layers of the plate are made of ceramic-metal composite materials whose mechanical
properties vary through the thickness of the plate. The stress-strain field of the plate is accurately
described, especially for thick plates, by employing Shi's third-order shear deformation theory with
C’-continuous derivatives. The convergence and accuracy of the proposed method are verified by
comparing the obtained results with those reported in reputable published literature. The novelty of
this study lies in the first-time application of the finite element method based on a combination of
Lagrange and Hermite shape functions to analyze the free vibration of sandwich plates.

Keywords: Sandwich Plate, Functionally Graded Material, Four-node Element, Shi’s Third-
order Shear Deformation

1. Mé& dau da dugc st dung rong rai trong cac linh vuc
khoa hoc k¥ thuét va cong nghi¢p miii nhon
nhu k¥ thuédt hang khong vii try, k¥ thuat dan
; ) i dung va nha may dién hat nhan. Nghién ctru
liéu tién ti€n, c6 cac tinh chat co hoc thay d6i  ung xir cac két cau ché tao tir vat liu FGM
lién tuc theo theo chiéu day cua tAm, Chiung  dugc nhiéu nha khoa hoc trén thé gidi quan
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Vit liéu ¢6 co tinh thay d6i (Functionally
graded material- viét tat: FGM) 1a cac vat



Tap chi Khoa hoc Dai hoc Curu Long

tam. Mot sb nghién ctru tidu biéu co thé ké
dén nhu Hosseini-Hashemi va cong su [[1]]
sir dung 1y thuyét bién dang cat bac nhat
dé phan tich dao dong tu do cua tdm FGM,
Reddy [[2], [3]] str dung ly thuyét bién dang
cit bac cao dé tinh toan tmg xUr tuyén tinh
va phi tuyén cho tim FGM.

Két cdu tim sandwich bao gém hai 16p
ngoai mong thuong dugc lam tir vat li¢u
FGM va 16p 161 nhe, day lam tir kim loai. Vi
vay, két cau nay c6 kha nang chiu dugc mai
mon, d6 cimg chdng udn tot, bén canh do
c6 trong lugng nhe, kha nang cach am, cach
nhiét hi¢u qua do c6 16p 15i 1a vat liéu kim
loai mém, nhe. Véi nhirng déc tinh uu viét
nhu vy nén két cau sandwich hién nay duoc
mg dung rat nhiéu trong cic nganh cong
nghiép hang khong, vii tru, tau ngdm, hang
hai va cong nghiép quan su. Vi nhiing trng
dung quan trong nhu trén nén vi¢c nghién
ctru két cdu nay ciing rat duoc quan tam.
Zarga va cong su [[4]] st dung ly thuyét
tiém cn ba chiéu dé tinh toan uén tinh cia
tdm sandwich trong moi truong nhiét do.
Zenkour [[5]] phat trién Iy thuyét bién dang
cit v6i bon 4n s6 dé phan tich udn tinh cho
tam sandwich. Natarajan va cong su [[6]]
nghién cuu udn tinh va dao dong tu do cua
tam sandwich bang cach st dung ly thuyét
tiém cén ba chiéu.

Phuong phap phan tir hiru han da tré
thanh mét cong cu dugc su dung rong rai
trong phan tich co hoc [[7]]. Pac biét, phan
tr hinh chir nhat bén nuat ¢b dién rat phd
bién nho vao su don gian va dé& dang trién
khai trén may tinh. Tuy nhién, viéc chi dya
vao ham Lagrange khong dap mg yéu ciu
lién tuc cap C!' cta trudng chuyén vi. Hon
nira, phuong phap nay khong thoa man diéu
kién khong co6 tng suét tai mat trén va mat
dudi ctua tim. Pé khic phuc han ché nay,
mot phﬁn tr bén nht vai bay bac tu do mdi
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nat duge dé xuat nghién ctru trong bai bao
nay. Phan tir trong nghién ciru nay dugc xay
dung bang cach két hop cac ham Lagrange
va Hermite, giup dam bao xac dinh duogc ing
suét tai mat trén va mat dudi cua tAm, ngoai
ra khong can sir dung bat ky k¥ thuat xir ly
khoa cit khi tim trd nén mong hon.

Qua khao sat cac nghién ciru di cong bo,
céc tac gia thdy rang chua c6 nghién ciru nao
sir dung phan tir ttr gidc bon nut két hop ham
Langrang va ham Hermit dé tinh toén cho
tam sandwich. Muc tiéu chinh cua nghién
ctru nay la thiét 1ap mot phuong phap phan
ttr hiru han dua trén phan tir bén nit méi dé
phan tich dao dong tu do ciia tim sandwich.
Két qua cua nghién ctru nay dugc so sanh
v6i két qua ctia cac nghién ctru ¢6 uy tin da
duogc cong bd dé khiang dinh tinh chinh xac
clia phan tir dé xuét.

2. Ly thuyét trong tim

2.1. M6 hinh tAm sandwich cé vat
liéu co tinh thay di

Trong bai viét nay, cac tac gia xem xét
tAm sandwich c6 kich thudc a x b va do day
h nhu duoc mé ta nhu trong Hinh 1. Tam
sandwich bao gdm ba 16p, bao gdm mot 15i
kim loai va hai 16p ngoai lam tir hai loai vat
liéu FGM khac nhau, trong d6 FGM-1 ¢ 16p
dudi va FGM-2 ¢ 16p trén. Do day cua 16p
duéi, 16p 16i va 16p trén lan luotlah , h, h,.

4

a

Hinh 1. M5 hinh tAim sandwich

Dic tinh cta vat liéu tAim sandwich dugc
xac dinh nhu sau [[8]]:
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i)=Y ) (] -0
PO=V O A-V7)
+VOP, (i=123)

voi P va P dai dién cac dic tinh co hoc
cua vat liéu gom va nhém nhu mé dun dan
hoi, khoi lugng riéng va hé so poisson tuong
tmg; V@ ty phan thé tich cta vat liéu gom
duoc xac dinh boi:

z—z;\k
Vc(1)=1_( 1) Z € [21; 2]

(1

277
v =0 z€lz375] (2)
zZ — 27z, \k2
WP =1-(Z22)7 selzinl
Z3 — Z4

.k, k,lacac s6 mii ham mii cua 16p
duédi (FGM- 1) va lop trén (FGM-2), tuong
{mg. Cu trac va thanh phén cac 10p ctia tim
sandwich dugc trinh bay trong Bang 1. Cac
tinh chat vat liéu cua tung thanh phén duoc

trong do, k
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liét ké trong Bang 2.

Bang 1. Két cu tam sandwich.

Al/A1203 Al203 Al203/Al1

Bang 2. Dac tinh vat li¢u ché tao tAm
sandwich

Thanh  Mé dun Khoi lugng
Hé¢
phan vat dan hoi riéng oisson
ligu (GPa)  (kg/m®) P
AL O, 380 3800 0.3
Al 70 2707 0.3

2.2. Ly thuyét bac cao ciia Shi

Trudng chuyén vi ciia tim theo ly thuyét
Shi [[9]]:

u(xy,z) =u,(xy)+ 5(z—iz )(px(x,y) - <lz—iz )WOx

3h? 4 3h?
5 4 1 5 3)
v(x,y,2z)=v, (x,y) +— (z —3p2% )(py(x,y) + (Zz — WZB) Wy,
k w (x,y,2) =w, (x,y)
odayu,v,w,p va 9, 14 céc tham s6 chuyén c Oy + W oy
vi cua tAm. Pic biét, u,v,w la chuyen Vi K, = o2 Oyy T Wy, 7)
mat gilra tam, PP, la cac goc quay trong Oxy T 2Woy + @)«
mét phang xz, ,Z’ tuong ung. Bién dang cit y la:
Txru’(mg bién dang suy ra tu truong y=7,+7%, (8)
chuyén vi nhu sau:
trong do
£ =g, +zK, + 7%k, 4) _5(Wy T 9y,
. 1 Yo= 3w T o)
(0 day , (9)
. . . _-5(Wy T oy
Bién dang mang ¢ 1a: V1= W + @y

uo,x
€m = { Yoy } (%)
Ug,y + Vo
Bién dang udn K, K, la:
5(px,x + W,xx

5¢yy +wy, (6)
5<px,y + 2W’xy + 5(py'x

K1=—
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Quan h¢ giira Gmg sudt bién dang theo dinh
luat Hooke nhu sau:

[N M P]T:Dm[fm K, KZ]T;

10
[Q R]" =D4[yYo Vi]" (19)
o day
A B B?
AS BS
=3 % Blot 2
B? FP H
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trong do
" 1 v(2) 0
b b (2 E@) [|v(2) 1 0 2 3 4 6
(AIIBIIB IFIF 'H)_J‘—T’Iﬁ(z)z O 0 1 (1,Z;Z 27,27 ,Z )dZ (12)
2(1-v(2))
va Ning lugng bién dang biéu dién nhu sau:

h
smsmsy_ (2 E@ 110 _ T T T
(A,B,F)_f;hm o 1](1,22124)012(13) SU —L (((Sem) N+ (6x,)"™M + (6K,)"P

Cong thuc (10) c6 thé trinh bay trong dang + (570)TQ + ( 6y1)TR) ds (16)

ma tran nhu sau:

[N] [ A B B> 0 0 ][sm] Pong nang duoc biéu dién nhu sau:
IM| |B F F* 0 0[] e e o
lpl=IB® F* W o o0l (14 6T = fs p(z)(uéu + vé6v + wéw) dS
lQJ l 0 0 0 AS ]BSJ lYOJ
R 0 0 0 .IBS AIFS Y1 ’ =fs 5q" M qds (17)
2.3. Phuong trinh vi phan caa tam o
sandwich ¢ day

Phuong trinh vi phan cua tim sandwich 9= (o Vo W @x @y Wi Wiy}(18)

[rog): va
j (8U + 8US + 6W — 8T)dt = 0 (15) M = p(z)Ly, Ly, (19)
0
5 4 15
100 F(zmg?) 0 (37-30%) 0
Lm: 5 _ 4 3 1 _ i 3 20
010 0 1= 37) 0 (7-57)] @7
0 0 1 0 0 0 0
v6i p(z) 1a khéi luong riéng. duoc biéu dién nhu sau (xem Hinh 2):
Phuong trinh vi phan ciia tim sandwich q. =97 95 q% qf]" (22)
duogc biéu dién qua phuong trinh dang yéu . L .
nhur sau [[10]]: q; (i =1+ 4) dugc mo ta nhu sau:
= (U . . . B
fs ((5£)TDm5£ + (SY)TDsay) ds q; = {Uoi Voi Wi Pxi Pyi xi
=w;, 0, =w;,} (23)
—[. 8¢"MdS = 0. 21 ve TR Y
J; 69" Mmq 1) & day
2.4. Phwong phap phan tir hitu han Ug, Vo, Py VA @y, 1di suy dua trén ham

Vec to chuyén vi nat ctia phan tir tr giac ~ Lagrang (xem Phu luc):
{uO Vo Px (py} ==
[Z?=1 Niuy; ... Z?=1 N;vy; ... Z?=1 N; @y - Z?=1 N;p,,; ---]T;
’ Dé théa man diéu kién kl}éng co mg  bac tu do 6 va Hy va duoc xép xi dya trén
suat tai mat trén va mat dudi tam, dao ham  Hermit nhu sau (xem Phu luc):
w trong cac hudng x va y dugc gia thiét hai

24)

w = H1W1 + H2W1,X + H3W1‘y+,..+H10W4 + H11W4,X + H12W4,y (25)
0

Oy =Wy + Q= I (H1W1 + Hywy o + Hawy oy Higwy + Hyywy

4 (26)

+ H12W4,y) + Z Nipyi

i=1
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0
6, =w, + ¢, = @(H1W1 + Howy x + H3Wy iy HygWy + HygWy o

Hinh 2. M6 hinh phdn tir tr gidc 4 nat v6i 7 bic
tu do mdi nut.

Thay thé cac cong thic (25), (26), (27)
vao cac cong thuc (5), (6), (7), (8) cac vect
to trudng bién dang co thé duoc biéu dién
nhu sau:

e=[B; B; B;lq,; (28)
-Ni O 0
0 N; 0
0 0 Hgiy
4|10 O 0
sz 0 0 0
— 0
0

Phuong trinh vi phan cha dao cia tdm
biéu dién trong dang ma tran nhu sau:

Mj+Kq=0o |K—w’M|=0 (34)

o day o l1a tan sd két ciu tam;
K=K, M=%,,M,]l3cic ma trin
dd cing va ma tran khoi lugng toan cuc.

3. Két qua sb

Trong phdn nay céc tic gia tién hanh tinh
toan tan so dao dong riéng cuia tam sandwich
va so sanh v6i cac nghién ctru da cong bo dé
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@7

Y = [Bs Bslq, (29)

Thay thé cac cong thuc (28), (29) vio
cong thuc (23), phuong trinh chu dao cua
tdm duoc viét lai nhu sau:

Meq.e + Keqe = 0 (30)
trong do
Ma tran d¢ cimg K 1a:
(Blf A B B 0 (31]
B, |B F F* 0]|B;
Ke=J- By} [B® F* H 0 [{Bs; [dS (31)
SVIB,l 1o 0 A5 BS||B.
B lo 0 BS F

Ma tran khéi lugng phan tir M,
M, = j NTMNdAS (32)
S

& day N 1a ma tran ham dang ctia phan tir:

0 O 0 0

0 O 0 0

0 0 Hgiy Hj;

N, 0 0 0

0 N; 0 0 (33)
d d

0 0 a_cH(3i—1) &Hm'
d d

0 0 aHBi—l) aH&'_

khang dinh tinh chinh xac va hiéu qua cta
phuong phap tinh toan ma bai bao nay dé
xuit. Phuong phap phén tir hitu han téc gia
str dung céc kich thudce ludi khac nhau. Bang
3 trinh bay tan sé dAu tién cua tam sandwich
vat liéu co tinh thay doi AI/ALO

-

voi (p, = lkg/m’, E, = 1GPa). Két qua cia
phén ti hién tai voi kich thudc ludi 16 x 16
cho két qua rat gan véi két qua da duoc cong
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bd boi Li va céng su [[11]] ciing nhu két qua
duoc cong b boi Bessaim va cong su [[12]]

Vi két qua so sanh trén cac tac gia thiy rang
chon kich thuée ludi 16 x 16 1a phi hop dé
tinh toan cho cac két ciu tim sandwich. Ngoai
ra, qua bang két qua nay ta cling thiy rang khi
k,k, tang?dén thi tan s6 cua tAm ting 1én, diéu
nay c6 the giai thich 1a mat trén va mat dudi
clia tm c6 ti 1& gém tang 1én va lam cho tdm
tr& nén ctng hon, nén tin sb cao hon. Bén
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canh d6 ta ciing thdy ring kiéu 16p sandwich
1-1-1 ludn cho tan sb dao dong 16n nhét trong
khi hai kiéu con lai cho tan s dao dong nho
hon. Can cir vao cac két qua nay nguoi k¥ su
¢6 thé chon két cau sandwich sao cho phut hop
v6i nhu cau thuc té trong k¥ thut. Hinh 3 hién
thi cac dang dao dong cia tam sandwich mot
cach tryc quan, cac hinh nay giap nguoi doc
hiéu 13 hon vé dang dao dong cta tim trong
thyc té ky thuat.

Bang 3. Cac tan s6 dau tién " clia tim sandwich v&i chiéu day h =a/10

Kiéu 16p Sandwich
1-1-1 2-2-1 1-2-1

Phuong Phuong

(1] [[12]] phapde [[11]] [[12]] phapdé [[11]]  [[12]]
xudt xuat
(10x10) | 0.93022 0.93022 0.93022
(12x12) | 0.92946 0.92946 0.92946

0 |(14x14) | 0.92901 | 0.92897 | 0.92897 | 0.92901 | 0.92897 | 0.92897 | 0.92901 | 0.92897 | 0.92897
(16x16) | 0.92872 0.92872 0.92872
(18x18) | 0.92872 0.92872 0.92872
(10x10) | 1.48947 1.43901 1.41791
(12x12) | 1.48859 1.43818 1.41714

0.5](14x14) | 1.48806 | 1.48459 | 1.48853 | 1.43769 | 1.43419 | 1.4404 | 1.41668 | 1.41662 | 1.41788
(l6x16) | 1.48772 1.43736 1.41638
(18x18) | 1.48772 1.43736 1.41638
(10x10) | 1.64301 1.58226 1.56247
(12x12) | 1.64202 1.58136 1.56165

1 | (14x14) | 1.64143 [ 1.63053 | 1.64199 | 1.58081 | 1.57037 | 1.5843 | 1.56116 | 1.55788 | 1.56301
(16x16) | 1.64105 1.58046 1.56085
(18x18) | 1.64105 1.58046 1.56085
(10x10) | 1.82199 1.75968 1.74793
(12x12) | 1.82071 1.75852 1.74689

5 | (14x14) | 1.81993 | 1.78956 | 1.82032 | 1.75783 | 1.72726 | 1.75972 | 1.74627 | 1.7267 | 1.75143
(16x16) | 1.81943 1.75738 1.74587
(18x18) | 1.81943 1.75738 1.74587
(10x10) | 1.84213 1.78527 1.77359
(12x12) | 1.84078 1.78405 1.77248

10 | (14x14) | 1.83997 | 1.80813 | 1.83973 | 1.78332 | 1.74779 | 1.78163 | 1.77182 | 1.74811 | 1.77878
(16x16) | 1.83944 1.78284 1.77139
(18x18) | 1.83944 1.78284 1.77139
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Dang 1

Dang 4 Dang 5
Hinh 3. Cac dang dao dong ciia tim Sandwich

4. Két luan tién. Day 1a mot bude tién quan trong, mé ra
tiém ning tmg dung rong rai trong thiét ké
va phan tich két cdu trong cic nganh cong
nghiép yéu cau cao nhu hang khong vii tru,
tau thily, va qudc phong.

Nghién ciru nay gidi thiéu mot phan tir
tr gidc bon nat méi, véi bay bac tu do tai
mdi niit, nhim mo phong chinh x4c dao dong
tu do ctia cac tam sandwich ¢ co tinh thay
d6i. Nho vao viéc ap dung ly thuyét bién PHU LUC
dang cit bac ba cia Shi, mé hinh da thé hién Ham dang Lagrange:
kha nang phan anh chinh x4c trmg xtr co hoc
cua két cAu, dac biét trong trudmg hop chiéu N, = 1(1 —x)(1=¢);N, = 1(1 +x)(1-¢)
day tAm 16n. Céc két qua thu dugc cho thiy 4 4
phuong phap dé xuit khong chi dang tin N, =l(1+;()(1+§);N4 :l(l—;g)(l+§)
cdy ma con linh hoat trong viéc x1r ly cac 4 4
dang két cau phuc tap st dung vit liu tién Ham dang Hermit:

Hy = (1= 2)(1-8) (2= =& = 7 - € )it =2 (1= 2)(1-6)(1- ')
H, =%(1-Z)(1-§)(1—52);H4 =é(1+1)(1—5)(2+z—5—12 &)
Hy == (14 2)(1=6) (1= 27 )it =< (14 2) (1-8) (1 £°)

H, =%(1—z)(1+§)(1—xz);le =—§(1—l)(1+5)(1‘52)

Ny 0 00 0 00

B,=Y*,[0 N, 00 0 0 0

Niy Niy 0 0 0 0 0
H(3i—2),xx 5Ni,x 0 H(3i—1),xx H(3i),xx

0 0
1
Bz=22?=1 0 0 Hgai-2)yy 0 5Ni.y Hai-nyy  Heoyy |;
0 0 2H(3i—2),xy 5Ni 5Ni,x 2H(3i—1),xy 2H(3i),xy
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4+ [0 0 H(3i—2),xx

Bzzwz 0 0 H(3i—2).yy
=110 0 2H(3i—2),xy

4
B. — __Sz [0 0 Hgi—z)x
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